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Trajectories of a point on the elliptical 2-sphere 
 
Zehra Özdemir and Fatma Ateş 
 
Abstract: In the present paper, we investigate the special curves that are trajectories of a point on the elliptical 2-
sphere  𝑆𝐸
2 . We examine the motion of charged particles on the  𝑆𝐸
2  while they are under the influence of a Killing 
vector field by using the elliptical inner product and elliptical cross product. Then, we obtain the curvatures and the 
parametric representations of all magnetic curves that the trajectories of a charged particle on the  𝑆𝐸
2 . Moreover, we 
review the curvatures and parametric representations of helices on the elliptical 2-sphere  𝑆𝐸
2 .  We prove that helices 
on the  𝑆𝐸
2  are the curves described by a point on a great ellipse of the  𝑆𝐸
2  rolling without slipping on a fixed ellipse 
of the  𝑆𝐸
2  by using the elliptical motion on the elliptical 2-sphere  𝑆𝐸
2 . Furthermore, they are special cases of ellipsoidal 
cycloids and satellite curves on the  𝑆𝐸
2 . Finally, we present various examples and plotted their images on the elliptical 
2-sphere  𝑆𝐸
2.  
 
1. Introduction 
A rotation is defined as a map such that the distances between two points are preserved under this transformation. 
The motion of a rigid body around an axis in three dimensions is a linear transformation that can be expressed with 
an orthonormal matrix. This matrix called a rotation matrix. The rotation matrices are used extensively for 
computations in geometry, kinematics, physics, computer graphics, animations, and optimization problems involving 
the estimation of rigid body transformations. The elliptical rotation is defined as the motion of a point on an ellipse 
through some angle about a vector defined. Using the elliptical motion, we investigate various special trajectories on 
the elliptical 2-sphere  𝑆𝐸
2.  
The spherical helices are trajectories of a point on a great circle of a sphere while rolling without slipping on a fixed 
circle of the sphere. Thus, they are special cases of spherical cycloids and satellite curves. A spherical cycloid is the 
locus of a point on a circle rolling without slipping on a fixed circle. While the motion of the circle the angle between 
the two circles remaining constant. The satellite curves are defined as the various trajectories of a point on a given 
great circle of a sphere rotating around one of its axes, while the point has a uniform motion along the circle. The 
name of the satellite curve comes from the fact that the trajectory, in the frame associated with the Earth, of a 
satellite in uniform circular rotation around the center of the Earth is such a curve. 
Special cases of satellite curves include: 
- the clelias when the great circle meets the axis of rotation of the sphere. 
- the spherical helices when (in the second definition above, the circle rolls without slipping on a fixed circle); it is 
the case where the curve has cuspidal points [20]. 
The purpose of this paper is to give various applications of the elliptical rotations. For this, we interpret the special 
trajectories of a point on an ellipsoid using the elliptical motion. First, we define Darboux frame equations associated 
with the elliptical inner product and elliptical vector product. Then we compute the variations of the elliptical 
Darboux frame equations. After that, we obtain the charged particle trajectories on the elliptical 2-sphere by using 
these variations. Finally, we give various examples and illustrate their images on the elliptical 2-sphere. 
 
2. Preliminaries 
In this section, we present brief information of the structures on the elliptical 2-sphere  𝑆𝐸
2  to describe the basic 
background. 
The real vector space  𝑅3  equipped with the elliptical inner product  
𝐵  :  𝑅3 × 𝑅3 → 𝑅;  𝐵(𝑢, 𝑣) = 𝑎1𝑥1𝑦1 + 𝑎2𝑥2𝑦2 + 𝑎3𝑥3𝑦3. 
is represented by  𝑅𝑎1,𝑎2,𝑎3
3 .  Where  𝑢 = (𝑢1, 𝑢2, 𝑢3),   𝑣 = (𝑣1, 𝑣2, 𝑣3) ∈ 𝑅
3  and  𝑎1, 𝑎2, 𝑎3 ∈ 𝑅
+.  The norm of a 
vector associated with the scalar product  𝐵  is defined as  
‖𝑢‖𝐵 = √𝐵(𝑢, 𝑢). 
Two vectors  𝑢  and  𝑣  are called elliptically orthogonal vectors if  𝐵(𝑢, 𝑣) = 0.  In addition, if  𝑢  is a elliptically 
orthonormal vector then  𝐵(𝑢, 𝑢) = 1 . The cosine of the angle between two vectors  𝑢  and  𝑣  is defined as 
𝑐𝑜𝑠 𝜃 =
𝐵(𝑢, 𝑣)
‖𝑢‖𝐵‖𝑣‖𝐵
 
where  𝜃  is compatible with the parameters of the angular parametric equations of ellipse or elliptical 2-sphere 
[Ozd1]. 
The elliptical cross product of two vector felds in  𝑅𝑎1,𝑎2,𝑎3
3   is given by 
 (1)                                              𝑋 ×𝐸 𝑌 = 𝛥 |
𝑒1
𝑎1
𝑒2
𝑎2
𝑒3
𝑎3
𝑥1 𝑥2 𝑥3
𝑦1 𝑦2 𝑦3
| 
where  𝛥 = √𝑎1𝑎2𝑎3,   𝑎1, 𝑎2, 𝑎3 ∈ 𝑅
+ [Ozd1]. 
A surface of center  𝑝0  and radius  𝑟  in  𝑅𝑎1,𝑎2,𝑎3
3   is defined by the form 
𝑆𝐸
2(𝑝0; 𝑟) = {𝑝 ∈ 𝑅
3  :   𝐵(𝑝 − 𝑝0, 𝑝 − 𝑝0) = 𝑟
2}. 
When  𝑝0  is the origin and  𝑟 = 1  the surface called as the elliptical 2 sphere and denoted by 
𝑆𝐸
2 = {(𝑥, 𝑦, 𝑧) ∈ 𝑅3  :  𝑎1𝑥
2 + 𝑎2𝑦
2 + 𝑎3𝑧
2 = 𝑟2, 𝑎1, 𝑎2, 𝑎3 ∈ 𝑅
+}. 
 
The sectional curvature of the  𝑆𝐸
2  generated by the non-degenerated plane  {𝑢, 𝑣}  is defined as 
(2)                                                 𝐾(𝑢, 𝑣) =
𝐵(𝑅(𝑢,𝑣)𝑢,𝑣)
𝐵(𝑢,𝑢)𝐵(𝑣,𝑣)−𝐵(𝑢,𝑣)2
 
where  𝑅  is the Riemannian curvature tensor of the  𝑆𝐸
2  is given 
(3)                                             𝑅(𝑋, 𝑌)𝑍 = 𝛻𝑋𝛻𝑌𝑍 − 𝛻𝑌𝛻𝑋𝑍 + 𝛻[𝑋,𝑌]𝑍. 
The elliptical 2 sphere has the constant sectional curvature according to the elliptical inner product. Therefore, the 
curvature tensor  𝑅  written as follows 
(4)                                                𝑅(𝑋, 𝑌)𝑍 = 𝐶{𝐵(𝑍, 𝑋)𝑌 − 𝐵(𝑍, 𝑌)𝑋} 
where  𝐶  is a constant sectional curvature. 
Let  𝛾  be o unit speed curve on the elliptical 2- sphere  𝑆𝐸
2  defined by  𝛾(𝑠) = 𝜙(𝛼(𝑠)) . Then the unit normal 
vector field  𝑍  along the surface  𝑆𝐸
2  defined by  
𝑍 =
𝜙𝑢 ×𝐸 𝜙𝑣
‖𝜙𝑢 × 𝜙𝑣‖
. 
Since,  𝑆𝐸
2  is sphere according to the elliptical inner product, the unit normal vector field  𝑍  along the elliptical 2-
sphere  𝑆𝐸
2  equal to the position vector of the curve  𝛾 . Then we found an orthonormal frame  {𝑡 = 𝛾′, 𝑦 =
𝛾 ×𝐸 𝛾
′, 𝛾}  which is called the elliptical Darboux frame along the curve  𝛾 . 
 
 Proposition 2.1. Let  𝛾  be a unit speed curve on the elliptical 2-sphere  𝑆𝐸
2  with nowhere vanishing curvature. Then 
the corresponding Darboux frame equations of  𝛾  is written as  
(5)                                                               𝑡′ = −𝛾 + 𝑘𝑔𝐸𝑦, 𝛾
′ = 𝑡, 𝑦′ = −𝑘𝑔𝐸𝑡, 
here  𝑘𝑛𝐸 = −1 ,  𝑘𝑔𝐸 = 𝐵(𝛾
″, 𝑦)  and  𝜏𝑟 = 0  are called the asymptotic curvature, geodesic curvature, and 
principal curvature of  𝛾  on the  𝑆𝐸
2 , respectively. 
 Proof.  Let  𝛾  be a curve on the elliptical 2-sphere  𝑆𝐸
2 . First, we have the derivative of the position vector  𝛾  is 
equal to the tangent vektor. Secondly, we can write 
𝑡′ = 𝛼𝑡 + 𝛽𝛾 + 𝛿𝑦 
where we found 
𝛼 = 𝐵(𝑡′, 𝑡) = 0, 
𝛽 = 𝐵(𝑡′, 𝛾) = −1, 
𝛿 = 𝐵(𝑡′, 𝑦) = 𝑘𝑔𝐸 . 
Therefore, we obtain  
𝑡′ = −𝛾 + 𝑘𝑔𝐸𝑦. 
Similar calculation above we calculate that 
𝑦′ = −𝑘𝑔𝐸𝑡. 
 
Since  {𝑡, 𝛾, 𝑦}  is a right-handed orthonormal basis of  𝑅𝑎1,𝑎2,𝑎3
3  , it is found as the following relation 
(6)                                      𝑦 ×𝐸 𝑡 = 𝛾, 𝛾 ×𝐸 𝑦 = 𝑡, 𝛾 ×𝐸 𝑡 = −𝑦. 
 
 Theorem Let  𝑇  be a skew symmetric matrix in the form  
 𝑇 = 𝛥
(
 
 
0 −
𝑢3
𝑎1
𝑢2
𝑎1
𝑢3
𝑎2
0 −
𝑢1
𝑎2
−
𝑢2
𝑎3
𝑢1
𝑎3
0
)
 
 
 
such that  𝑢 = (𝑢1, 𝑢2, 𝑢3) ∈   𝑅𝑎1,𝑎2,𝑎3
3   is a unit vector. Then, the matrix exponential 
𝑅𝜃
𝐵,𝑢 = 𝑒𝑇𝜃 = 𝐼 + 𝑠𝑖𝑛 𝜃 𝑇 + (1 − 𝑐𝑜𝑠 𝜃)𝑇2 
gives an elliptical rotation on the ellipsoid  𝑎1𝑥
2 + 𝑎2𝑦
2 + 𝑎3𝑧
2 = 1,   𝑎𝑖 ∈ 𝑅
+.  Furthermore, the matrix  𝑅𝜃
𝐵,𝑢
  can 
be expressed as: 
 
(
 
 
𝑎1𝑢1
2 + (1 − 𝑎1𝑢1
2) 𝑐𝑜𝑠 𝜃
𝛥𝑢3 𝑠𝑖𝑛 𝜃
𝑎1
− 𝑎2𝑢1𝑢2(𝑐𝑜𝑠 𝜃 − 1)
𝛥𝑢2 𝑠𝑖𝑛 𝜃
𝑎1
− 𝑎3𝑢1𝑢3(𝑐𝑜𝑠 𝜃 − 1)
𝛥𝑢3 𝑠𝑖𝑛 𝜃
𝑎2
− 𝑎1𝑢1𝑢2(𝑐𝑜𝑠 𝜃 − 1) 𝑎2𝑢2
2 + (1 − 𝑎2𝑢2
2) 𝑐𝑜𝑠 𝜃 −
𝛥𝑢1 𝑠𝑖𝑛 𝜃
𝑎2
− 𝑎3𝑢2𝑢3(𝑐𝑜𝑠 𝜃 − 1)
−
𝛥𝑢2 𝑠𝑖𝑛 𝜃
𝑎3
− 𝑎1𝑢1𝑢3(𝑐𝑜𝑠 𝜃 − 1)
𝛥𝑢1 𝑠𝑖𝑛 𝜃
𝑎3
− 𝑎2𝑢2𝑢3(𝑐𝑜𝑠 𝜃 − 1) 𝑎3𝑢3
2 + (1 − 𝑎3𝑢3
2) 𝑐𝑜𝑠 𝜃 )
 
 
 
where  𝛥 = √𝑎1𝑎2𝑎3  and  𝑢 = (𝑢1, 𝑢2, 𝑢3),  is the rotation axis and  𝜃  is the elliptical rotation angle [16]. 
 
3. Variations of Darboux Frame for elliptical 2-sphere 
 
In this section, we examine the variational formulations of the curves on the elliptical 2-sphere  𝑆𝐸
2  to discribe the 
motion of a point on the  𝑆𝐸
2 . First, we study the features of variational vector field along a curve and calculate the 
variational formulas for its Darboux curvatures. After that, we give the connection between the geometric variational 
formulas for curvatures and the Killing equations along a curve on the elliptical 2-sphere  𝑆𝐸
2.  
 Lemma 3.1. Let  𝜙  :   𝑈 ⊂ 𝐸2 → 𝐸3,   𝜙(𝑈) = 𝑆𝐸
2  be an elliptical 2-sphere and  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a regular 
curve on  𝑆𝐸
2  . Assume that  𝑉  be a vector field along the curve  𝛾  then the variation of  𝛾  defined by the function  
𝛤  :   𝐼 × (−𝜀, 𝜀) → 𝑆𝐸
2(𝐶)  with  𝛾(𝑠, 0)  the initial curve satisfy  𝛤(𝑠, 0) = 𝛾(𝑠) . The variations of the geodesic 
curvature function  𝑘𝑔𝐸(𝑠, 𝑤)  and the speed function  𝑣(𝑠, 𝑤)  at  𝑤 = 0  are calculated as follows: 
 
𝑉(𝑣) = (
𝜕𝑣
𝜕𝑤
(𝑠, 𝑤))|
𝑤=0
= −𝑣℘
𝑉(𝑘𝑔𝐸) = (
𝜕𝑘𝑔𝐸
𝜕𝑤
(𝑠, 𝑤))|
𝑤=0
= 𝐵(𝑅(𝑉, 𝑡)𝑡 + 𝛻𝑡
2𝑉, 𝑦)
             −
1
𝑘𝑔𝐸
𝐵(𝛾, 𝑅(𝑉, 𝑡)𝑡 + 𝛻𝑡
2𝑉).
 
where  ℘ = −𝐵(𝛻𝑡𝑉, 𝑡)  and  𝑅  stands for the curvature tensor of  𝑆𝐸
2.  
 
 Proof.  Let  𝜙  :   𝑈 ⊂ 𝑅2 → 𝑅3,   𝜙(𝑈) = 𝑆𝐸
2  be an elliptical 2-sphere and  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a regular curve on 
the  𝑆𝐸
2 . Provided that  𝑉  be a vector field along the curve  𝛾  and the speed function satisfy  𝑊 = 𝑣𝑡(𝑠, 𝑤).  If we 
use the covariant derivative  𝛻𝑉   of the speed function  𝑣(𝑠, 𝑤)  and if we use the elliptical inner product, we obtain 
(7)                                                   𝑉(𝑣) = (
𝜕𝑣
𝜕𝑤
(𝑠, 𝑤))|
𝑤=0
 
                                                            = 𝑉(𝐵(𝑊,𝑊)1/2) 
                                                            =
1
𝑣
𝐵(𝛻𝑉𝑊,𝑊) 
                                                            = 𝑣𝐵(𝛻𝑡𝑉, 𝑡) 
                                                            = 𝑣℘. 
where  ℘ = −𝐵(𝛻𝑡𝑉, 𝑡).  
On the other hand, from the elliptical Darboux frame equations we have  
(8)                                                            𝑘𝑔𝐸 = 𝐵(𝛻𝑡𝑡, 𝑦). 
If we use the covariant derivative  𝛻𝑉  of the geodesic curvature,  𝑘𝑔(𝑠, 𝑡),  we calculate 
(9)                             𝑉(𝑘𝑔𝐸) = (
𝜕𝑘𝑔𝐸
𝜕𝑤
(𝑠, 𝑤))|
𝑤=0
= 𝐵(𝛻𝑉𝛻𝑡𝑡, 𝑦) + 𝐵(𝛻𝑡𝑡, 𝛻𝑉𝑦). 
Also, we have the following two equations 
(10)                                            𝛻𝑉𝛻𝑡𝑡 = 𝑅(𝑉, 𝑡)𝑡 + 𝛻𝑡𝛻𝑉𝑡 − 𝛻[𝑉,𝑡]𝑡 
and 
(11)                                                [𝑉, 𝑡] = −
1
𝑣
𝑉(𝑣)𝑡;  −
1
𝑣
𝑉(𝑣) = ℘. 
The eq.(10), eq.(11), and the equation  𝛻𝑉𝑡 = [𝑉, 𝑡] + 𝛻𝑡𝑉  give the following equation 
(12)                                                     𝛻𝑡𝛻𝑉𝑡 = ℘
′𝑡 + ℘𝛻𝑡𝑡 + 𝛻𝑡
2𝑉. 
Moreover, from the elliptical Darboux frame equations, we have  
(13)                                                               𝑦 =
1
𝑘𝑔𝐸
(𝛻𝑡𝑡 + 𝛾). 
The covariant derivative  𝛻𝑉  of eq.(13) implies 
(14)                                      𝛻𝑉𝑦 =
−𝑘𝑔𝐸
′
𝑘𝑔𝐸
2
𝜕𝑘𝑔𝐸
𝜕𝑤
(𝛻𝑡𝑡 + 𝛾) +
1
𝑘𝑔𝐸
(𝛻𝑉𝛻𝑡𝑡 + 𝛻𝑉𝛾); 
Since,  
𝜕𝑘𝑔𝐸
𝜕𝑤
= 0  the last equation read 
𝛻𝑉𝑦 =
1
𝑘𝑔𝐸
(𝛻𝑉𝛻𝑡𝑡 + 𝛻𝑉𝛾). 
 
Using the eqs. (9)-(14) the expression for  𝑉(𝑘𝑔)  becomes 
𝑉(𝑘𝑔𝐸) = (
𝜕𝑘𝑔𝐸
𝜕𝑡
(𝑠, 𝑡))|
𝑡=0
= 𝐵(𝑅(𝑉, 𝑡)𝑡 + 𝛻𝑡
2𝑉, 𝑦) −
1
𝑘𝑔𝐸
𝐵(𝛾, 𝑅(𝑉, 𝑡)𝑡 + 𝛻𝑡
2𝑉).
 
 Proposition 3.2. If  𝑉(𝑠)  is the restriction to  𝛾(𝑠)  of a Killing vector field  𝑉  of  𝑆𝐸
2  then the variations of the 
elliptical Darboux curvature functions and speed fonction of  𝛾  satisfy: 
(15)                                                              𝑉(𝑣) = 𝑉(𝑘𝑔𝐸) = 0. 
 
 Proof Any local flow  {𝜑𝑡}  generated by the Killing vector field  𝑉  is composed of local isometries of  𝑆𝐸
2 . Since 
the variations  𝑉(𝑣)  and  𝑉(𝑘𝑔𝐸)  do not depend on the variation  𝛤  but only on  𝑉(𝑠) , we can variate  𝛾(𝑠)  in the 
direction of  𝑉(𝑠)  as follows:  
(16)                                                   𝛾𝑡(𝑠) = 𝛤(𝑠, 𝑡) =:  𝜑𝑡(𝛾(𝑠)). 
The isometric nature of  𝜑𝑡  implies that the functions,  𝑣(𝑠, 𝑡)  and  𝑘𝑔𝐸(𝑠, 𝑡) , do not depend on  𝑡  and therefore we 
have  𝑉(𝑣) = 𝑉(𝑘𝑔𝐸) = 0.  When  𝑆𝐸
2  is a simply connected real-space form with constant curvature  𝐶 , stated as  
𝑆𝐸
2(𝐶) , it could be noted that one has a converse of the stated Proposition 2.2. 
 
4. Magnetic trajectories of the point on the elliptical 2-sphere 
When a charged particle enters in a magnetic field, it traces a new trajectory called as magnetic curve with the 
influences of the magnetic field. A magnetic field  𝐹  on the  𝑆𝐸
2  is a closed 2-form. The Lorentz force of the 
magnetic field  𝐹  related to the elliptical inner product on  𝑆𝐸
2  is defined to be a skew-symmetric operator fulfilling 
that 
 
(17)                                                          𝐵(𝜑(𝑋), 𝑌) = 𝐹(𝑋, 𝑌) 
for all  𝑋 = (𝑥1, 𝑥2, 𝑥3), 𝑌 = (𝑦1 , 𝑦2, 𝑦3) ∈ 𝜒(𝑆𝐸
2).  Then, the mixed product of the vector fields  𝑋, 𝑌, 𝑍 ∈ 𝜒(𝑆𝐸
2)  is 
satisfy 
 
(18)                                                    𝐵(𝑋 ×𝐸 𝑌, 𝑍) = 𝑑𝑣𝑔(𝑋, 𝑌, 𝑍) 
where  𝑑𝑣𝑔  denotes a volume on the  𝑆𝐸
2 . 
Since, divergence free vector fields and magnetic fields are in one-to-one correspondence, the Lorentz force  𝜑  
associated with the magnetic field  𝑉  can be given by the following formula 
(19)                                                               𝜑(𝑋) = 𝑉 ×𝐸 𝑋. 
From these formulates the trajectories produced by the magnetic field  𝑉  which satisfy the following Lorentz foece 
equation 
 
(20)                                                         𝜑(𝑇) = 𝑉 ×𝐸 𝑇 = 𝛻𝑇𝑇 
where  𝛻  is the Levi-Civita connection of the elliptical 2-sphere  𝑆𝐸
2.  
The studies conducted in this field could be briefly summarized as follows: First studies of the magnetic curves were 
carried out Riemannian surfaces [317], and then, [10,11] some authors have provided some characterizations for 
these curves in three-dimensional spaces as  𝐸3  and  𝐸1
3 . Moreover, variational approach on magnetic flows of the 
Killing magnetic field in  3𝐷  has been developed. Furthermore, Barros et al. [2], revealed that solution of the 
Lorentz force equation is found to be Kirchhoff elastic rods. According to the study of Cabrerizo [6], it has been 
presented that the magnetic flow lines associated with Killing magnetic fields on the unit  2𝐷  and  3𝐷  sphere are 
found. Finally, Bozkurt (Ozdemir) et al. [4,15] described N-magnetic and B-magnetic curves as the trajectories of 
the certain magnetic field and they have provided some specifications for magnetic flows associated with Killing 
magnetic field in 3𝐷  Riemannian and semi-Riemannian manifolds. In addition, variational vector field has been 
used for the characterization of elastic curves. In a study [12], Gürbüz has stated Killing equations in order to 
characterize the elastic curves. 
In this context, we define the trajectories of the charged particles on the  𝑆𝐸
2 . We derive the parametric 
representatioms of all magnetic curves on the  𝑆𝐸
2  and present various examples in order to illustrate the results of 
the work in terms of theory. 
  
Proposition 4.1. Let  𝜙  :   𝑈 ⊂ 𝐸2 → 𝐸3,   𝜙(𝑈) = 𝑆𝐸
2  be an elliptical 2-sphere and  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a 
regular curve on  𝑆𝐸
2 . Then, the Lorentz force equations with respect to the elliptical Darboux frame  {𝑡, 𝛾, 𝑦}  can be 
written as follows 
(21)  
[
𝜑(𝑡)
𝜑(𝛾)
𝜑(𝑦)
] = [
0 −1 𝑘𝑔𝐸
1 0 𝛿
−𝑘𝑔𝐸 −𝛿 0
] [
𝑡
𝛾
𝑦
] 
where  𝑘𝑔𝐸  is geodesic curvature of  𝛾 . 
 Proof. Let  𝜙  :   𝑈 ⊂ 𝐸2 → 𝐸3,   𝜙(𝑈) = 𝑆𝐸
2  be an elliptical 2-sphere and  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a regular curve on  
𝑆𝐸
2 . From the eq.(20), we have 
(22)                                                          𝜑(𝑇) = 𝛻𝑇𝑇 = −𝛾 + 𝑘𝑔𝐸𝑦 
Since  𝜑(𝛾) ∈ 𝑠𝑝𝑎𝑛{𝑡, 𝛾, 𝑦} we can write 
(23)                                                             𝜑(𝛾) = 𝜆𝑡 + 𝜇𝛾 + 𝜉𝑦 
Then we calculate the functions  𝜆,   𝜇,  and  𝜉  satisfy 
𝜆 = 𝐵(𝜑(𝛾), 𝑡) = 0, 
                                                                             𝜇 = 𝐵(𝜑(𝛾), 𝛾) = 0, 
𝜉 = 𝐵(𝜑(𝛾), 𝑦) = 𝛿. 
As a consequence,  𝜑(𝛾)  found as 
(24)                                                                  𝜑(𝛾) = 𝑡 + 𝛿𝑦. 
Finally, similar computations lead to 
(25)                                                                 𝜑(𝑦) = −𝑘𝑔𝐸𝑡 − 𝛿𝛾. 
 
 Proposition 4.2. Let  𝜙  :   𝑈 ⊂ 𝐸2 → 𝐸3,   𝜙(𝑈) = 𝑆𝐸
2  be an elliptical 2-sphere,  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a regular 
curve on  𝑆𝐸
2  and  𝑉  be a Killing vector field along the curve  𝛾 . Then  𝛾  is a magnetic trajectory of a magnetic 
field  𝑉  on the condition that  𝑉  can be expressed along  𝛾  as: 
(26)                                                              𝑉(𝑠) = 𝛿𝑇 − 𝑘𝑔𝐸𝛾 − 𝑦 
where  𝑘𝑔𝐸  is geodesic curvature and the function  𝛿(𝑠)  associated with each magnetic curve will be expressed as 
quasislope, calculated obviously, with respect to the magnetic field  𝑉 . 
 Proof. We express the Killing vector field  𝑉(𝑠)  as follows  
(27)                                                              𝑉(𝑠) = 𝑎𝑡 + 𝑏𝛾 + 𝑐𝑦 
where  𝑎, 𝑏  and  𝑐  are certain functions along a trajectory of  𝑉  and we assume that  𝑉  does not vanish on  𝛾 . If the 
eqs. (19)-(21) are used, we calculate  𝑎 = 𝛿, 𝑏 = −𝑘𝑔𝐸   and  𝑐 = −1 . Conversely, if we assume that eq.(42) holds 
then we will obtain  𝑉 × 𝑇 = 𝜑(𝑇) . Thus, the curve  𝛾  is a magnetic curve of the magnetic vector field  𝑉 . 
 
 Theorem 4.3. Let  𝜙  :   𝑈 ⊂ 𝐸2 → 𝐸3,   𝜙(𝑈) = 𝑆𝐸
2  be an elliptical 2-sphere,  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a regular 
curve on  𝑆𝐸
2  and  𝑉  be a Killing vector field along the curve  𝛾 . Then  𝛾  is a magnetic trajectory of the magnetic 
field  𝑉  on the condition that the elliptical Darboux frame curvatures of the curve  𝛾  satisfy the following 
differential equation: 
𝑘𝑔𝐸
′′ + 𝛿𝑘𝑔𝐸𝑘𝑔𝐸
′ = 0, 
where  𝛿  is constant along the magnetic curve  𝛾.  
 
 Proof. If  𝛾  is a magnetic trajectory of a magnetic field  𝑉  then  𝑉  satisfies eq.(26). Differentiating eq.(26) with 
respect to  𝑠 , we found the following equation; 
(28)                                                𝛻𝑇𝑉 = 𝛿
′𝑇 + (−𝑘𝑔𝐸
′ − 𝛿)𝛾 + (𝛿𝑘𝑔𝐸)𝑦. 
Using the equation  𝑉(𝑣) = 0  in Lemma 3.1. we present  𝛿  is a constant. The differentiation of eq.(28) is as 
follows; 
(29)                                        𝛻𝑇
2𝑉 = (−𝑘𝑔𝐸
′ − 𝛿 − 𝛿𝑘𝑔𝐸
2 )𝑡 + 𝛿𝑘𝑔𝐸
′ 𝑦 − 𝑘𝑔
′′𝛾. 
Moreover, we have found the following equation 
(30)                                             𝑅(𝑉, 𝑇)𝑇 = 𝐶(𝐵(𝑇, 𝑉)𝑇 − 𝐵(𝑇, 𝑇)𝑉) 
Using the Darboux frame equations and eq.(26) we deduce 
(31)                                                      𝑅(𝑉, 𝑇)𝑇 = 𝐶(𝑘𝑔𝐸𝛾 + 𝑦). 
Considering the eq.(29) and eq.(31) with the second equation in Lemma 3.1. and the Proposition Pro1, we have 
reached the following equation 
(32)                                                         𝑘𝑔𝐸
′′ + 𝛿𝑘𝑔𝐸𝑘𝑔𝐸
′ = 0. 
The solution of the differential equation obtained as follows 
𝑘𝑔𝐸 = 𝑐 or 𝑘𝑔𝐸 = √
2𝑐1
𝛿
𝑡𝑎𝑛ℎ(√
𝛿𝑐1(𝑠 + 𝑐2)
2
) 
 
 Theorem 4.4. Let  𝛾  be a magnetic curve on the elliptical 2-sphere then the curve  𝛾  has one of the following 
representations: 
i. If  𝛾  has the constant curvature  𝑘𝑔 = 𝑐,  
(33)                                      𝛾(𝑠) = 𝜂1 + 𝜂2 𝑠𝑖𝑛( 𝑐
2 + 1)𝑠 + 𝜂3 𝑐𝑜𝑠( 𝑐
2 + 1)𝑠, 𝑘𝑔 = 𝑐. 
where  𝜂1, 𝜂2, 𝜂3 ∈ 𝑅𝑎1,𝑎2,𝑎3
3   and  𝑐 ∈ 𝑅.  
ii. If the geodesic curvature of the curve  𝛾  has the form  𝑘𝑔𝐸 = √
2𝑐1
𝛿
𝑡𝑎𝑛ℎ(√
𝛿𝑐1(𝑠+𝑐2)
2
) , 
(34)  
 𝛾(𝑠) =
(
 
 
 
 
 
 
 
 
 
 
 
 
 
𝜇1ℎ𝑦𝑝𝑒𝑟𝑔𝑒𝑜𝑚([
1
2
,
1
2
𝐼(√2𝑐1∓2𝛿𝐼)
𝛿
,
−
1
2
𝐼(√2𝑐1±2𝛿𝐼)
𝛿
], [
1
2
±2𝛿+√−𝛿−2𝑐1
𝛿
,
−
1
2
∓2𝛿+√−𝛿−2𝑐1
𝛿
],
1
𝑐𝑜𝑠ℎ(√𝛿(𝑠+𝑐2))
2) 𝑡𝑎𝑛ℎ( √𝛿(𝑠 + 𝑐2)),
+
𝜇2
√𝑎2
𝑐𝑜𝑠ℎ(√𝛿(𝑠 + 𝑐2))
√−𝛿−2𝑐1−𝛿)
𝛿 𝑠𝑖𝑛ℎ(√𝛿(𝑠 + 𝑐2))
ℎ𝑦𝑝𝑒𝑟𝑔𝑒𝑜𝑚([−
1
2
∓𝛿+√−𝛿−2𝑐1
𝛿
, −
1
2
−√2𝛿𝐼+√−𝛿−2𝑐1∓2𝛿
𝛿
, −
1
2
√2𝛿𝐼+√−𝛿−2𝑐1∓2𝛿
𝛿
],
[−
∓𝛿+√−𝛿−2𝑐1
𝛿
, −
1
2
∓2𝛿+√−𝛿−2𝑐1
𝛿
],
1
𝑐𝑜𝑠ℎ(√𝛿(𝑠+𝑐2))
2)
+
𝜇3
√𝑎3
𝑐𝑜𝑠ℎ( √𝛿(𝑠 + 𝑐2))
−
√−𝛿−2𝑐1+𝛿)
𝛿 𝑠𝑖𝑛ℎ(√𝛿(𝑠 + 𝑐2))
ℎ𝑦𝑝𝑒𝑟𝑔𝑒𝑜𝑚([
1
2
±𝛿+√−𝛿−2𝑐1
𝛿
,
1
2
√2𝛿𝐼+√−𝛿−2𝑐1±2𝛿
𝛿
,
1
2
−√2𝛿𝐼+√−𝛿−2𝑐1±2𝛿
𝛿
],
[
±𝛿+√−𝛿−2𝑐1
𝛿
,
1
2
±2𝛿+√−𝛿−2𝑐1
𝛿
],
1
𝑐𝑜𝑠ℎ(√𝛿(𝑠+𝑐2))
2) )
 
 
 
 
 
 
 
 
 
 
 
 
 
. 
where  𝜇1, 𝜇2, 𝜇3 ∈ 𝑅𝑎1,𝑎2,𝑎3
3   and  𝑐1, 𝑐2 ∈ 𝑅.  
 
 Proof. Since  𝛾  is a curve on the elliptical 2-sphere  𝑆𝐸
2  the curve has the following curvatures 
𝑘𝑔𝐸 , 𝑘𝑛 = 1, 𝜏𝑔 = 0. 
Then from the elliptical Darboux frame equation we have the following third order differential equation 
𝑘𝑔𝐸𝛾
‴ − 𝑘𝑔𝐸
′ 𝛾″ + (𝑘𝑔𝐸
3 + 𝑘𝑔𝐸)𝛾
′ − 𝑘𝑔𝐸
′ 𝛾 = 0 
The solution of the differential equation is presented in the equations (33) and (34). 
 
 Example 4.1. Theorem Teo2 shows that we can find the following magnetic curve on the  𝑆𝐸
2  parameterized by 
 𝛾(𝑠) = (
𝑐𝑜𝑠 3𝑠
√2𝑎1
,
𝑠𝑖𝑛 3𝑠
√2𝑎2
,
1
√2𝑎3
) 
with choosing the  𝜂1 = (0,0,
1
√2𝑎3
),   𝜂2 = (0,
1
√2𝑎2
, 0) ,  𝜂3 = (
1
√2𝑎1
, 0,0).  Then the elliptical curvature computed as 
𝑘𝑔𝐸 = √2. 
The image of the magnetic curve on the  𝑆𝐸
2  with the values  𝑎1 = 4,   𝑎2 = 9,   𝑎3 = 16  is shown in Figure 1. 
  
Figure 1. Charged particle motions along the curve 𝛾 on the 𝑆𝐸
2. 
 
 Example 4.2. If we choose  𝜂1 = (0,
1
√2𝑎2
, 0)   𝜂2 = (0,0,
1
√2𝑎3
) ,  𝜂3 = (
1
√2𝑎1
, 0,0),  we obtain the following 
magnetic curve on the  𝑆𝐸
2  parameterized by 
𝛾(𝑠) = (
𝑐𝑜𝑠 3 𝑠
√2𝑎1
,
1
√2𝑎2
,
𝑠𝑖𝑛 3 𝑠
√2𝑎3
). 
with the elliptical curvature  
𝑘𝑔𝐸 = √2. 
The image of the magnetic curve is shown in Figure 2. 
 
 
Figure 2. Charged particle motions along the curve 𝛾 on the 𝑆𝐸
2. 
 
 Example 4.3. Let  𝛾  be a curve on the elliptical 2-sphere and has the following parametric representation  
 𝛾(𝑠) =
(
 
 
1
√𝑎1
𝑐𝑜𝑠(
1
𝐺𝑎𝑚𝑚𝑎[𝑎]
∫
𝑡
0
(𝑡 − 𝑠)𝑎−1 𝑐𝑜𝑠 𝑠2 𝑑𝑠) 𝑠𝑖𝑛(
1
𝐺𝑎𝑚𝑚𝑎[𝑎]
∫
𝑡
0
(𝑡 − 𝑠)𝑎−1 𝑠𝑖𝑛 𝑠2 𝑑𝑠)
1
√𝑎2
𝑠𝑖𝑛(
1
𝐺𝑎𝑚𝑚𝑎[𝑎]
∫
𝑡
0
(𝑡 − 𝑠)𝑎−1 𝑐𝑜𝑠 𝑠2 𝑑𝑠) 𝑠𝑖𝑛(
1
𝐺𝑎𝑚𝑚𝑎[𝑎]
∫
𝑡
0
(𝑡 − 𝑠)𝑎−1 𝑠𝑖𝑛 𝑠2 𝑑𝑠)
1
√𝑎3
𝑐𝑜𝑠(
1
𝐺𝑎𝑚𝑚𝑎[𝑎]
∫
𝑡
0
(𝑡 − 𝑠)𝑎−1 𝑠𝑖𝑛 𝑠2 𝑑𝑠)
)
 
 
. 
with the elliptical curvature 
𝑘𝑔𝐸 = 𝑠. 
Then we can easily see that  𝛾  is a magnetic curve on the elliptical 2 - sphere with  𝛿 = 0 . The image of the 
magnetic curve is shown in Figure 3 
  
Figure 3. Charged particle motions along along the curve 𝛾 on the 𝑆𝐸
2. 
 
5. Helical trajectories of the point on the elliptical 2-sphere 
In the following theorem, we introduce the helices on the elliptical 2-sphere defined as a curve whose tangent vector 
makes a constant angle with a constant Killing vector field on the elliptical 2-sphere  𝑆𝐸
2 . 
 
 Theorem 5.1. Let  𝛾  :   𝐼 ⊂ 𝑅 → 𝑈  be a regular curve on  𝑆𝐸
2  and  𝑉  be a Killing vector field along the curve  𝛾 . 
Then  𝛾  is a helical trajectory of the magnetic field  𝑉  on the condition that the elliptical Darboux curvature of the 
curve  𝛾  has the form 
(35)                                                                           𝑘𝑔𝐸 = 𝑐𝑜𝑡 𝜃 
where  𝜃  satisfy 
(36)                                                                  𝜃″ 𝑠𝑖𝑛2 𝜃 − 𝜔𝜃′ 𝑐𝑜𝑠 𝜃 = 0. 
 
 Proof If  𝛾  is a helical trajectory of the magnetic field  𝑉  then  𝑉  can be written as 
(37)                                 𝑉 = 𝜔𝑡 + 𝑐𝑜𝑠 𝜃 𝛾 + 𝑠𝑖𝑛 𝜃 𝑦 
Differentiating eq.(37) with respect to  𝑠 , we've found the following equations; 
(38)                         𝛻𝑇𝑉 = (𝑐𝑜𝑠 𝜃 − 𝑘𝑔𝐸 𝑠𝑖𝑛 𝜃)𝑡 + (−𝜃
′ 𝑠𝑖𝑛 𝜃 − 𝜔)𝛾 + (𝜔𝑘𝑔𝐸 + 𝜃
′ 𝑐𝑜𝑠 𝜃)𝑦. 
Using the equation  𝑉(𝑣) = 0  in Lemma 3.1. we present  𝛿  is a constant. 
𝑘𝑔𝐸 = 𝑐𝑜𝑡 𝜃 
The differentiation of eq.(38) is as follows; 
(39)                                  
𝛻𝑇
2𝑉 = −𝜃′ 𝑠𝑖𝑛 𝜃 − 𝜔 − 𝜔𝑘𝑔𝐸
2 − 𝑘𝑔𝐸𝜃
′ 𝑐𝑜𝑠 𝜃)𝑡
+(−𝜃″ 𝑠𝑖𝑛 𝜃 − 𝜃′2 𝑐𝑜𝑠 𝜃)𝛾 + (𝑘𝑔𝐸
′ 𝜔 + 𝜃″ 𝑐𝑜𝑠 𝜃 − 𝜃′2 𝑠𝑖𝑛 𝜃)𝑦.
 
Moreover, we have found the following equation 
(40)                                                    𝑅(𝑉, 𝑇)𝑇 = 𝐶(𝐵(𝑇, 𝑉)𝑇 − 𝐵(𝑇, 𝑇)𝑉) 
Using the Darboux frame equations and eq.(35) we deduce 
𝑅(𝑉, 𝑇)𝑇 = −𝐶(𝑐𝑜𝑠 𝜃 𝛾 + 𝑠𝑖𝑛 𝜃 𝑦). 
Considering the eq.(39) and eq. (40) with the second equation in Lemma 3.1. and the Proposition 3.2., we have 
reached the following equation 
𝜃″ 𝑠𝑖𝑛2 𝜃 − 𝜔𝜃′ 𝑐𝑜𝑠 𝜃 = 0. 
 
6. Helical trajectories of the point on the elliptical 2-sphere via elliptical rotation 
In this section, we proved that helices on the  𝑆𝐸
2  can be described by the motion of a point on a great ellipse of the  
𝑆𝐸
2  rolling without slipping on a fixed ellipse of the  𝑆𝐸
2 . Furthermore, we show that these helices are special cases of 
the cycloid on the  𝑆𝐸
2 , as well as satellite curves 
Let  𝑃  be a point on the rolling ellipse centered at  (0,0,0)  in the  𝑥𝑜𝑦 − plane given by 
 
𝑃 = (
𝑐𝑜𝑠 𝑘 𝑡
√𝑎1
,
𝑠𝑖𝑛 𝑘 𝑡
√𝑎2
, 0). 
From the Theorem Teo may take the axis as  𝑢 = (0,
1
√𝑢2
, 0).  Then the rotation matrix around the  𝑦 − 𝑎𝑥𝑖𝑠  with the 
angle  𝛼  can be expressed as: 
 𝑅𝛼
𝐵,𝑢 =
(
 
 
𝑐𝑜𝑠 𝛼 0
√𝑎3
√𝑎1
𝑠𝑖𝑛 𝛼
0 1 0
− √
𝑎1
√𝑎3
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼
)
 
 
 
If we take the axis as  𝑢 = (0,0,
1
√𝑢3
)  in Theorem Teo then we express the rotation matrix around the  𝑧 − 𝑎𝑥𝑖𝑠  with 
the angle  𝑡  as:  
 𝑅𝑡
𝐵,𝑢 =
(
 
𝑐𝑜𝑠 𝑡 √
𝑎2
√𝑎1
𝑠𝑖𝑛 𝑡 0
− √
𝑎1
√𝑎2
𝑠𝑖𝑛 𝑡 𝑐𝑜𝑠 𝑡 0
0 0 1)
  
First, we rotate this ellipse around the  𝑦 − 𝑎𝑥𝑖𝑠  with the angle  𝛼 = 𝑎𝑟𝑐𝑐𝑜𝑠 𝑘  we obtain: 
  
(
 
 
𝑐𝑜𝑠 𝛼 0
√𝑎3
√𝑎1
𝑠𝑖𝑛 𝛼
0 1 0
− √
𝑎1
√𝑎3
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼
)
 
 
(
𝑐𝑜𝑠 𝑘𝑡
√𝑎1
𝑠𝑖𝑛 𝑘𝑡
√𝑎2
0
) = (
𝑘 𝑐𝑜𝑠 𝑘𝑡
√𝑎1
,
𝑠𝑖𝑛 𝑘𝑡
√𝑎2
,
√1−𝑘2 𝑐𝑜𝑠 𝑘𝑡
√𝑎3
). 
Then, if we rotate this ellipse by an angle  𝑡  around the  𝑧 − 𝑎𝑥𝑖𝑠  we have  
 (
𝑥
𝑦
𝑧
) =
(
 
𝑐𝑜𝑠 𝑡 √
𝑎2
√𝑎1
𝑠𝑖𝑛 𝑡 0
− √
𝑎1
√𝑎2
𝑠𝑖𝑛 𝑡 𝑐𝑜𝑠 𝑡 0
0 0 1)
 
(
 
 
𝑘 𝑐𝑜𝑠 𝑘𝑡
√𝑎1
𝑠𝑖𝑛 𝑘𝑡
√𝑎2
√1−𝑘2 𝑐𝑜𝑠 𝑘𝑡
√𝑎3 )
 
 
. 
 
Consequently, the parametric equations of the helices on the elliptical 2-sphere has the following parameterizations 
 (
𝑥
𝑦
𝑧
) = 𝑅
(
 
 
𝑘 𝑐𝑜𝑠 𝑡 𝑐𝑜𝑠 𝑘𝑡+𝑠𝑖𝑛 𝑡 𝑠𝑖𝑛 𝑘𝑡
√𝑎1
𝑘 𝑠𝑖𝑛 𝑡 𝑐𝑜𝑠 𝑘𝑡−𝑐𝑜𝑠 𝑡 𝑠𝑖𝑛 𝑘𝑡
√𝑎2
√1−𝑘2 𝑐𝑜𝑠 𝑘𝑡
√𝑎3 )
 
 
 
or the other parameterization  
(41)                                              (
𝑥
𝑦
𝑧
) = 𝑅
(
 
 
1
2
(1+𝑘) 𝑐𝑜𝑠(1−𝑘)𝑡−(1−𝑘) 𝑐𝑜𝑠(1+𝑘)𝑡
√𝑎1
1
2
(1+𝑘) 𝑠𝑖𝑛(1−𝑘)𝑡−(1−𝑘) 𝑠𝑖𝑛(1+𝑘)𝑡
√𝑎2
√1−𝑘2 𝑐𝑜𝑠 𝑘𝑡
√𝑎3 )
 
 
 
 
The elliptical curvature of the helix calculated as  
(42)                                                                        𝑘𝑔𝐸(𝑠) = 𝑐𝑜𝑡 𝑘 𝑠. 
The curvature in eq.(42) satisfy the eq.(35) and eq.(36)  in the Theorem 5.1. This proves that the eq.(41) is a helix 
with the Killing axis  𝑉(𝑠) = (0,0, −1)  on the elliptical 2-sphere  𝑆𝐸
2 . The images of the helices corresponding to 
the different value of the  𝑘  illustrated in the folloving figures: 
 
 
𝑘 = 0.56, 𝑘 = 0.17, 𝑘 = 0.75, 𝑘 = 0.5, 
 
  
𝑘 = 0.4, 𝑘 = 0.6, 𝑘 = 0.9, 𝑘 = 0.3. 
 
 Corollary 6.1. If the general helices  𝛾  has the curvature  𝑘𝑔𝐸 = 𝑐𝑜𝑡 𝑘 𝑠  and the quassislope  𝛿 = 2𝑘  then the 
curve  𝛾  is a magnetic curve on the elliptical 2-sphere. 
 
 Proof. Let  𝛾  be a curve with the curvature  𝑘𝑔𝐸 = 𝑐𝑜𝑡 𝑘 𝑠.  Besides, we have, if  𝛾  is a magnetic curve on the 
elliptical 2-sphere  𝑆𝐸
2  then  𝛾  satisfy the eq.(32). It is easily seen that  𝑘𝑔𝐸  satisfy the eq.(32) for  𝛿 = 2𝑘 . 
 
In the following subsection we define the satellite curves on the elliptical 2-sphere by using the elliptical rotation 
matrix in the Theorem Teo. 
 
6.1. Satellite curves on the elliptical 2-sphere 
The satellite curves according to the elliptical motion defined as the trajectories of a point  𝑃  on a given great ellips 
of the elliptical 2-sphere rotating around the its axes, this axis being itself in uniform rotation around an axis passing 
by the center of the ellipse. 
The satellite curves include the helices on the elliptical 2-sphere when  𝑘 = −𝑐𝑜𝑠 𝛼 ; it is the case where the curve 
has cuspidal points. Now we obtain the parametric representation of the satellite curve according to the elliptical 
motion. Let we take an arbitrary point on the rolling ellipse centered at  (0,0,0)  in the  𝑥𝑜𝑦 − plane given by 
𝑃 = (
𝑐𝑜𝑠 𝑘 𝑡
√𝑎1
,
𝑠𝑖𝑛 𝑘 𝑡
√𝑎2
, 0) 
First, if we rotate the point  𝑃  around the  𝑦 − 𝑎𝑥𝑖𝑠  we obtain: 
 
(
 
 
𝑐𝑜𝑠 𝛼 0
√𝑎3
√𝑎1
𝑠𝑖𝑛 𝛼
0 1 0
− √
𝑎1
√𝑎3
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼
)
 
 
(
𝑐𝑜𝑠 𝑘𝑡
√𝑎1
𝑠𝑖𝑛 𝑘𝑡
√𝑎2
0
) 
= (
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝑘 𝑡
√𝑎1
,
𝑠𝑖𝑛 𝑘 𝑡
√𝑎2
,
𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝑘 𝑡
√𝑎3
). 
Then, if we rotate the point  (
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝑘𝑡
√𝑎1
,
𝑠𝑖𝑛 𝑘𝑡
√𝑎2
,
𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝑘𝑡
√𝑎3
)  by an angle  𝑡  around the  𝑧 − 𝑎𝑥𝑖𝑠 , we have 
 (
𝑥
𝑦
𝑧
) =
(
 
𝑐𝑜𝑠 𝑡 − √
𝑎2
√𝑎1
𝑠𝑖𝑛 𝑡 0
√𝑎1
√𝑎2
𝑠𝑖𝑛 𝑡 𝑐𝑜𝑠 𝑡 0
0 0 1)
 
(
 
 
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝑘𝑡
√𝑎1
𝑠𝑖𝑛 𝑘𝑡
√𝑎2
𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝑘𝑡
√𝑎3 )
 
 
. 
 
Finally, the parametric equations of the satellite curve on the elliptical 2-sphere calculated as follows: 
 (
𝑥
𝑦
𝑧
) = 𝑅
(
 
 
𝑐𝑜𝑠 𝑡 𝑐𝑜𝑠 𝑘𝑡 𝑐𝑜𝑠 𝛼−𝑠𝑖𝑛 𝑡 𝑠𝑖𝑛 𝑘𝑡
√𝑎1
𝑠𝑖𝑛 𝑡 𝑐𝑜𝑠 𝑘𝑡 𝑐𝑜𝑠 𝛼+𝑐𝑜𝑠 𝑡 𝑠𝑖𝑛 𝑘𝑡
√𝑎2
𝑐𝑜𝑠 𝑘𝑡 𝑠𝑖𝑛 𝛼
√𝑎3 )
 
 
. 
In the following figures we give various satellite curves images on the elliptical 2-sphere. 
 
 𝛼 =
1
√2
, 𝑘 = 1;  𝛼 =
𝜋
2
, 𝑘 = 1;  𝛼 =
𝜋
2
, 𝑘 =
1
2
;  𝛼 = 2.1, 𝑘 =
1
2
. 
 
 
 
𝛼 = 2.5, 𝑘 = 2;  𝛼 = 1.8, 𝑘 = 2;  𝛼 = 1.57, 𝑘 = 2;  𝛼 = 1.5, 𝑘 = 2.  
In the following subsection we obtain the parametric representation of the cycloid on the elliptical 2-sphere using the 
elliptical motion. 
 
6.2. Cycloid on the elliptical 2-sphere 
A cycloid on the elliptical 2-sphere is the trajectories of a point on an ellipse rolling without slipping on a fixed 
ellipse on the elliptical 2 sphere such that the angle between the two ellips remaining constant. Suppose that the 
angle between the two ellipses equal to  𝜔  and the fixed ellipse lies the plane. 𝑥𝑜𝑦 . Since the rolling circle rolls 
without sliding, its angular displacement  𝑡  around its center is  
𝑎
𝑏
𝑡,  here  𝑎  is the radius of the fixed ellipse,  𝑏 =
𝑎
𝑞
  
that of the moving ellipse. A point on a copy of the rolling ellipse centered at  (0,0,0)  at in the  𝑥𝑜𝑦 − plane given 
by 
𝑃 = (
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡),
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡),0) 
First rotate this ellipse around the  𝑦 − 𝑎𝑥𝑖𝑠  we obtain: 
 
(
 
 
𝑐𝑜𝑠 𝜔 0
√𝑎3
√𝑎1
𝑠𝑖𝑛 𝜔
0 1 0
− √
𝑎1
√𝑎3
𝑠𝑖𝑛 𝜔 0 𝑐𝑜𝑠 𝜔
)
 
 
(
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡)
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡)
0
) 
= (
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑐𝑜𝑠 𝜔 ,
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡), −
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑠𝑖𝑛 𝜔). 
Now translate the ellipse over a distance  𝑎  along the  𝑥 − 𝑎𝑥𝑖𝑠  to get:  
(
𝑎
√𝑎1
+
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑐𝑜𝑠 𝜔 ,
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡), −
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑠𝑖𝑛 𝜔). 
Finally, rotate this ellipse by an angle  𝑡  around the  𝑧 − 𝑎𝑥𝑖𝑠 : 
 (
𝑥
𝑦
𝑧
) =
(
 
𝑐𝑜𝑠 𝑡 √
𝑎2
√𝑎1
𝑠𝑖𝑛 𝑡 0
− √
𝑎1
√𝑎2
𝑠𝑖𝑛 𝑡 𝑐𝑜𝑠 𝑡 0
0 0 1)
 
(
 
 
𝑎
√𝑎1
+
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑐𝑜𝑠 𝜔
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡)
−
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑠𝑖𝑛 𝜔
)
 
 
 
 
Then we obtain the parametric equations of the cycloid as 
 (
𝑥
𝑦
𝑧
) =
(
 
 
(
𝑎
√𝑎1
+
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑐𝑜𝑠 𝜔) 𝑐𝑜𝑠 𝑡 +
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡) 𝑠𝑖𝑛 𝑡
(
𝑎
√𝑎1
+
𝑎
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑐𝑜𝑠 𝜔) 𝑠𝑖𝑛 𝑡 −
𝑏
√𝑎2
(𝑠𝑖𝑛 𝑞 𝑡) 𝑐𝑜𝑠 𝑡
−
𝑏
√𝑎1
(1 − 𝑐𝑜𝑠 𝑞 𝑡) 𝑠𝑖𝑛 𝜔
)
 
 
. 
When  𝜔 = 𝜋 , we get the hypocycloid, and when  𝜔 = 0 , the epicycloid;  
 
apart from these two cases, the cycloid traced on the sphere corresponding to both the base and the rolling ellipses, 
hence its name of spherical cycloid. If  𝜔 = 𝑎𝑟𝑐𝑐𝑜𝑠( −
𝑏
𝑎
)  the cycloid is spherical cycloid with radius  𝑎.  
 
 
𝑎 = 4, 𝑏 = 3;  𝑎 = 4, 𝑏 = 2;  𝑎 = 7, 𝑏 = 1. 
 
 
 
𝑎 = 7, 𝑏 = 5;  𝑎 = 25, 𝑏 = 4;  𝑎 = 7, 𝑏 = 3, 𝑎 = 1.09, 𝑏 = 1. 
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